This paper presents results of a theoretical analysis to determine the leakage flow and dynamic characteristics of circumferential wave geometry annular seals using turbulent lubrication theory. Turbulent lubrication equations based on an eddy viscosity model have been used to develop the turbulent Reynolds equation. Convective fluid inertia effects have been incorporated using the perturbation approach in turbulent lubrication. To determine the dynamic characteristics i.e. stiffness, damping and whirl ratio, perturbation theory for small amplitude vibration of the journal center has been adopted. In general, it has been found that circumferential wave geometry improves the performance of the annular seal at higher speeds and increases in the L/D and taper ratios.
Introduction
Multi-lobe and wave journal bearings have been the subject of several investigations to ascertain their suitability to improve stability of fluid film bearings. Turbulent flow conditions are often observed in high-speed bearings and seals that use low viscosity fluids such as water or process fluids. Therefore, theoretical models to address technical issues related to turbulence in the fluid film have been developed. Turbulence is generally characterized by increased shear stress. Theoretical models developed to include turbulence in fluid film lubrication use either mixing length or the law of wall and eddy diffusivity concepts. Most widely used theories of turbulent lubrication are those of Ng and Pan 1) and Elrod and Ng 2) which are based on law of wall and the eddy diffusivity concept and bulk flow theory of Hirs 3) . It is known that these theories lead to almost identical results at high Reynolds numbers. Discrepancies occur only in transition flow regions. Black 4) determined expressions for the effective viscosity in journal bearings with high axial flows in turbulent lubrication based on rotational and axial flow Reynolds numbers of screw flow.
Turbulence in seals has been subject of various investigations in the past several decades. Child 5) presented theoretical analysis of turbulent lubrication of annular seals using bulk flow theory of Hirs. Childs and Dressman 6) and Lindsay et al. 7) analyzed the convergent-divergent axial taper on the dynamic performance of an annular seal. However, ample literature which deals with analysis and performance of annular seals exist and it is not possible to include all details in a short review. The influence of circumferential geometry variation on the performance of the annular seals has not been studied properly as yet. Contrary to this adequate literature is found which report on the effect of circumferential geometry variation on the static and dynamic performance of fluid film journal bearings.
It is well known that multi-lobe geometry improves the dynamic performance of the journal bearings. Soni et al. 8) studied the performance of two lobe journal bearing using turbulent lubrication theory of Ng and Pan 1) . Vaidyanathan and Keith 9) analyzed elliptical and two lobe journal bearings. Li et al. 10) investigated on the stability and transient characteristics of four multi-lobe journal bearing configurations. Abdul Wahed et al. 11) discussed the stability and unbalance response of multi-lobe journal bearings. Effect of surface waviness on the load carrying capacity of plain slider bearings was investigated by Hargreaves 12) and Hassan 13) . The concept of a waved journal bearing was developed by Dimofte for high performance turbomachinery applications 14) . A wave journal bearing design is relatively simple as compared to other noncircular geometries. The wave journal bearing unlike plain circular journal bearing can be represented by a waved bush or sleeve wrapped around the shaft. Its performance in comparison to circular and other noncircular bearings was later investigated by Dimofte 15, 16) in compressible lubrication and it was shown that wave geometry improves static and dynamic performance.
Experimental investigation by Lambrulescu et al. 17) also lends credibility to the findings of Dimofte. Further investigation on wave bearings for heavily loaded applications and dynamic stability regime was carried out by Dimofte et al. 18) and Ene et al. 19) respectively. Matsuda et al. 20) attempted to determine an optimized clearance configuration for journal bearings to enhance the stability of the bearing. The optimized configuration is similar to two wave geometry. A theoretical approach based on theory presented by Reinhardt and Lund 21) for laminar films to include fluid inertia was adopted by the authors 22) to investigate the static and dynamic performance of an annular seal in turbulent flow.
In the present investigation improvement over the theory presented earlier by the authors 22) has been done to investigate the dynamic and static performance of circumferential wavy annular seals in turbulent flow regime. The basic difference lie in the inclusion of the fluid inertia effect in the development of Reynolds' equation in turbulent flow. In the previous paper fluid inertia was estimated using the equations of steady state flow velocities based on laminar flow theory. However, in the present theory steady state flow velocities have been estimated using equations based on turbulent flow neglecting fluid inertia terms. This leads to a modified Reynolds' equation which has been used for further analysis. Seal leakage flow, stiffness, damping and whirl ratio for stability have been determined using the analytical procedure described in the theoretical analysis section. The performance of an annular wavy seal has been compared with the performance of a circular seal. It has been observed that a wavy seal can improve the characteristics of an annular seal.
Theoretical Analysis and film thicknesses
The film thickness expressions for parallel and tapered circumferential wave seals, as shown in Figs. 1 and 2, are expressed respectively as: The governing differential equations for the turbulent flow of an incompressible lubricant in the clearance space of a seal including fluid inertia effects is written in the dimensionless form using the coordinate systems given in Fig. 3 . Momentum Equations:
Continuity Equations:
where,
The velocity boundary conditions at the seal and journal surfaces are given as:
,at journal surface (5) At moderate values of the Reynolds number, however, the influence of inertia terms may become noticeable. A procedure was developed by Reinhardt and Lund 21) to investigate the effect of fluid inertia in laminar flow through perturbation method which has been adopted here to include fluid inertia effect in turbulent flow regime. Thus, film pressure and fluid velocities are perturbed to obtain linear equations as:
and analogously for v and w .
The perturbation parameter 'λ t ' is the film Reynolds number in turbulent flow and is required to account for the inertia forces: Higher order terms can be neglected in comparison to first order terms when perturbation parameter is small i.e. λ t << 1.
Substituting equation (6) into equations (1-4) and collecting terms of like order in λ t one would obtain zeroeth order and first order equations. Integration of zeroeth order momentum equations would yield flow velocities when fluid inertia is neglected as follows:
Thus, Reynolds equation neglecting fluid inertia effects as developed by Ng, Pan and Elrod 1, 2) is obtained by substituting the above expressions in continuity equation as:
Integration of first order momentum equations would yield perturbed flow velocities respectively. Using respective boundary conditions and flow continuity equation one can determine turbulent Reynolds equations including fluid inertia effects as: 
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Since 0 p is the steady state turbulent film pressure without fluid inertia effect, the dynamic terms viz. Launder and Leschziner 23) pointed out that in the presence of inertia, the wall shear stresses are not uniquely related to pressure gradients, rather, they are uniquely related to the mean velocities if the shape of profiles does not change with inertia. Perturbation approach also assumes that inertia effects are not very large and therefore does not influence the shape of velocity profiles. Therefore in the present investigation, it is assumed that eddy diffusivity is dominated by couette shear and turbulent model of Hirs 3) is used in the present analysis. p is the steady state lubricant film pressure in turbulent flow when fluid inertia is neglected and is to be determined by solving equation (8) satisfying appropriate boundary conditions neglecting time dependant squeeze term.
For the journal center executing small amplitude vibrations around an equilibrium position, first order perturbation equations for pressure, film thickness and turbulent coefficients can be used to develop perturbed Reynolds equations (zeroeth and first order equations). Thus, pressure, film thickness and turbulent co-efficient can be written as:
where, 
First-order dimensionless equations 
The pressure drop at the inlet seal edge has been taken into account for tapered seal following Childs and Dressman 6) as expressed below:
where ξ is the entrance loss coefficient due to loss of kinetic energy at seal entrance usually taken as 0.1 or 0.5 or -0.5 and q = 0 for parallel seal. 
Boundary conditions for the Reynolds equation (8) are given as below: 0
Boundary conditions for the Reynolds equation (11) 
where, U z10 is the first order perturbation velocity in axial direction.
Stiffness and damping characteristics
The dynamic force is the useful measure of rotor dynamic coefficients of the system. The shaft vibration severity can be judged by the level of dynamic forces created by shaft motion. Dynamic forces due to 'P 11 'are determined as:
where K xx and K yx are direct and cross stiffness respectively and D xx and D yx are direct and cross damping terms.
Similarly, the component of the restoring dynamic load in the radial and tangential directions due to the perturbed film pressure 'P 12 ' can be written as follows And the amplitude of oscillation of the journal center in the direction of eccentricity and along the direction perpendicular to that of eccentricity is given as 
Whirl ratio
The stability of a rigid rotor can be determined for centered operation following linear vibration theory in terms of whirl ratio as below 11) . 
Leakage flow
Leakage flow in dimensionless form is expressed as:
Computational procedure
Prior to determining the pressure distribution including the fluid inertia effect as given by Eq. (11), it is necessary to solve Eq. (8) to determine the steady state pressure distribution neglecting fluid inertia effects. Equations (8), (11) and (12) are expressed in a finite difference form and are solved satisfying appropriate boundary conditions given by Eqs. (15), (16) and (17) respectively following the Gauss-Siedel iteration process with a relaxation factor generally less than 1.
Steady state pressures obtained from the solution of Eqs. (8) and (11) were taken as converged when the largest error obtained from two successive iterations was less than 0.0001. However, the number of iterations required to arrive at a converged solution of Eq. (12) to determine dynamic pressures 11 p and 12 p was determined after carrying out several computations. It was established that 250 iterations were generally more than sufficient to obtain a converged solution.
Computations were performed on a Pentium 4 desk top computer.
Results and discussion

Comparison of results with available theoretical and experimental results
In this section some of the computed results of the present investigation for a parallel, circular seal are compared with the theoretical results of Childs 5) and Childs and Dressman 6) . Results have been presented for both low and high speed seals. Comparisons with low speed water seals have been presented in part 'a' and 'b' of Table 1 for different inlet pressure loss coefficients. The results in 'c' for a high pressure fuel turbo-pump (HPFTP) seal have been compared with the results reported by Child 5) . Table 1 reveal that the results of rotor dynamic coefficients viz. direct stiffness, direct damping and cross damping coefficients are in reasonably good agreement with the results of Childs 5) and Childs and Dressman 6) . However, the cross stiffness coefficients obtained from the present investigation are significantly below the results of Childs and Childs and Dressman 5, 6) . In the case of the HPFTP seal which is a high pressure, high speed seal for low viscosity and low density fluid viz. liquid hydrogen, it may be seen that cross stiffness and cross damping coefficients are significantly lower than the results of Childs 5) whereas direct stiffness and direct damping coefficients obtained from the present investigation are in good agreement with the results of Childs 5) . This is a situation in which the flow has a high axial Reynolds number which is due to high pressure drop across the seal. As far as the axial Reynolds number is concerned, the values calculated using an average axial velocity are reasonably close to the values reported by Childs 5) . For example, the values obtained in the present calculation are R a = 300546 and σ = 0.885 whereas those obtained by Childs 5) are R a = 328000, σ = 0.865. For parallel circular water seal with an inlet loss coefficient ξ = 0.0, the values of axial Reynolds number and σ obtained in the present investigation are R a = 9117 and σ = 0.995 respectively whereas those obtained by Childs and Dressman 6) are R a = 11835 and σ = 1.138 which are in reasonably good agreement. Lower values of cross coupled rotor dynamic coefficients obtained in the present calculations may be due to basic difference between the present theoretical analysis and that of bulk flow Hirs theory as used in Ref. [5] . The basic difference between the two approaches is that Childs have adopted Hirs' lubrication theory which is based on the average flow velocity and does not allow velocity variations across the fluid film whereas the present approach follows Reynolds lubrication theory which accommodates a velocity profile across the fluid film. Cross dynamic coefficients are generally due to hydrodynamic effect caused by the rotation of the journal and are usually insignificant at zero and low eccentricity ratios since the fluid forces generated due to hydrodynamic action is very low in comparison to hydrostatic forces due to the pressure drop across the seal. Prediction of low cross dynamic coefficients is expected in the formulation following fluid film lubrication theory which uses the Reynolds Equation.
The flow in annular seal is predominantly due to an axial pressure gradient and therefore a hydrodynamic or rotation effect would be significant at high speeds only.
Comparison of theoretical results for short circular seals under eccentric operation with the experimental results of Marquette et al. 24) are given in Table 2 (a)-(d). It can be opined that the results obtained for dynamic coefficients of the seal are in reasonably good agreement with the experimental results for short seals. However, in the leakage flow the discrepancy between present theory and experimental results are somewhat more. This could be because of very short seal length used in the experiments. The pressure drop due to inertia at the seal entrance may be more resulting in lower values of leakage flow in the experimental results. Entrance loss coefficients used in the calculations may also influence the leakage flow and dynamic coefficients in the calculations done. The discrepancies between theory and experiments could also be due to this to a considerable extent. The effect of the L/D ratio has been highlighted in an annular wave seal in concentric operation for a wave eccentricity ratio of 0.2 in Figs. 4-9 . Leakage flow variation with speed is shown in Fig. 4 . There is a marked influence of the L/D ratio on the leakage flow of the wavy seal. It is observed that leakage flow decreases very significantly with an increase in the L/D ratio. Increase in the length of the seal reduces the axial pressure gradient for a particular pressure drop across the seal and thus reduces the leakage flow. Leakage flow also reduces with increase in the speed of rotation of the journal. Since the rotation of the journal results in screw flow, which increases the flow path of the fluid in the axial direction and increases the effective viscosity due to the increase in Reynolds number, there is a reduction of the leakage flow.
Figures 5 and 6 present the variation of direct stiffness and cross stiffness of the seal with rotation speed for various L/D ratios. Here again it is observed that both direct and cross stiffness increase substantially with an increase in the length to diameter ratio. On the other hand the increase with speed of these parameters is not of the same magnitude. The cross stiffness values Fig. 9 . The whirl ratio is low which indicates that seals are generally stable components. Whirl ratio decreases with increase in length to diameter ratio which is compatible with increase in direct stiffness and damping also. In Fig. 10 , it is seen that with taper ratio leakage flow increases. This is because higher taper ratio means an increase in the clearance volume. Figures 11 and 12 present the variation of direct and cross stiffness with taper ratio. It is observed that taper ratio substantially raises the direct stiffness whereas the cross stiffness rise only marginally. Figure 13 shows the effect of taper ratio on the direct damping coefficient which depicts a remarked higher value at lower speeds of rotation of the journal whereas at high rotational speeds the influence of taper reduces. On the other hand Fig. 14 shows only marginal influence of taper ratio on cross damping coefficient. Higher values of direct stiffness and direct damping with taper further improves the stability of the seal as can be seen in Fig. 15 which provides the variation in whirl ratio with increase in taper. The influence of wave eccentricity ratio on the dynamic characteristics of the wave seal is shown in Figs. [16] [17] [18] [19] [20] . Except for lower speeds of rotation of the journal the leakage flow reduces with wave eccentricity ratio.
Modification of circumferential geometry of the clearance space influences the seal performance. However, the overall clearance volume is not altered due to waviness. At lower speeds leakage marginally increase with wave eccentricity ratio. Figure 17 shows the influence of waviness on the direct stiffness of the seal. It is observed that wave eccentricity ratio has very significant influence on direct stiffness which increases significantly with wave eccentricity ratio at higher speeds. At lower speeds the effect is marginal. On the other hand Fig.18 shows relatively less significant effect of wave eccentricity ratio on cross stiffness although cross stiffness shows some increase with wave eccentricity ratio. It can be seen in Figs. 19 and 20 that cross damping coefficients have only a marginal variation with increase in wave eccentricity ratio at higher speeds only.
The general observation obtained from the results presented is that L/D ratio and taper ratio have larger influence on the dynamic characteristics of annular seals and the effect would be similar for both circular and wavy seals. Wavy geometry may improve the stability of the seal at higher speeds with some reduction in the seal leakage too. This is due to enhanced direct stiffness which contributes towards stability and very marginal change in cross stiffness which contributes towards instability. Reduction of leakage is one of the major considerations in the design of a seal.
Summary
A theoretical procedure to calculate leakage flow and rotor dynamic coefficients viz. stiffness and damping of annular seals in turbulent flow accounting for fluid inertia effects based on turbulent lubrication theory has been presented. The analysis is based on a perturbation approach to account for fluid inertia in the film and also takes in to account velocity variations across the fluid film through a velocity profile as opposed to the bulk flow approach that has been used by others. The procedure is general and geometric effects can be incorporated through the film shape description. In its present form the analysis however does not account for swirl at the seal entrance. The results of the present analysis for leakage flow, direct stiffness and direct damping coefficients agree reasonably well with the results of other researchers. However, the present analysis produces lower values of cross coefficients in comparison to the results obtained by other researchers. The circumferential wave seal can improve dynamic characteristics of the seal in comparison to the performance of a circular seal. Leakage flow is reduced in a wave seal as compared to circular seal at higher journal speeds. Direct stiffness and direct damping also increase as compared to circular seals over a wide range of speed. Cross stiffness and cross damping change marginally with wave eccentricity ratio. However, both the coefficients decrease with increases in speed. In general dynamic characteristics and stability also improve with increase in both the L/D ratio and the taper ratio. However, larger taper ratios increase leakage to some extent whereas leakage reduces significantly with increase in the L/D ratio. Zeroeth and first order perturbations along the eccentricity and normal to it respectively.
